Abstract. We consider the fuzzification of the notion of an n-fold implicative ideal, an n-fold (weak) commutative ideal. We give characterizations of an n-fold fuzzy implicative ideal. We establish an extension property for n-fold fuzzy commutative ideals.
(I2) x * y ∈ I and y ∈ I imply x ∈ I. A nonempty subset I of X is said to be an implicative ideal of X if it satisfies: (I1) 0 ∈ I, (I3) (x * (y * x)) * z ∈ I and z ∈ I imply x ∈ I. A nonempty subset I of X is said to be a commutative ideal of X if it satisfies: (I1) 0 ∈ I, (I4) (x * y) * z ∈ I and z ∈ I imply x * (y * (y * x)) ∈ I. We now review some fuzzy logic concepts. A fuzzy set in a set X is a function µ : X → [0, 1]. For a fuzzy set µ in X and t ∈ [0, 1] define U(µ; t) to be the set U(µ; t) := {x ∈ X | µ(x) ≥ t}.
A fuzzy set µ in X is said to be a fuzzy ideal of X if (F1) µ(0) ≥ µ(x) for all x ∈ X, (F2) µ(x) ≥ min{µ(x * y), µ(y)} for all x, y ∈ X. Note that every fuzzy ideal µ of X is order reversing, that is, if
A fuzzy set µ in X is called a fuzzy implicative ideal of X if it satisfies:
3. n-fold fuzzy implicative ideals. For any elements x and y of a BCK-algebra X, x * y n denotes
in which y occurs n times. Huang and Chen [1] introduced the concept of n-fold implicative ideals as follows.
We consider the fuzzification of the concept of n-fold implicative ideal.
Notice that the 1-fold fuzzy implicative ideal is a fuzzy implicative ideal.
Theorem 3.3. Every n-fold fuzzy implicative ideal is a fuzzy ideal.
Proof. The condition (F2) follows from taking y = 0 in (F5).
The following example shows that the converse of Theorem 3.3 may not be true.
where N is the set of natural numbers, in which the operation * is defined by x * y = max{0,x − y} for all x, y ∈ X. Then X is a BCKalgebra (see [1, Example 1.3] ). Let µ be a fuzzy set in X given by
Then µ is a fuzzy ideal of X. But µ is not a 2-fold fuzzy implicative ideal of X because
We give a condition for a fuzzy ideal to be an n-fold fuzzy implicative ideal.
Theorem 3.5. A fuzzy ideal µ of X is n-fold fuzzy implicative if and only if
Proof. Necessity is by taking z = 0 in (F5). Suppose that a fuzzy ideal µ satisfies the inequality
Hence µ is an n-fold fuzzy implicative ideal of X.
Theorem 3.6. A fuzzy set µ in X is an n-fold fuzzy implicative ideal of X if and only if the nonempty level set U(µ; t) of µ is an n-fold implicative ideal of X for every
Proof. Assume that µ is an n-fold fuzzy implicative ideal of X and U(µ; t) = ∅ for every t ∈ [0, 1]. Then there exists x ∈ U(µ; t). It follows from (F1) that µ(0) ≥ µ(x) ≥ t so that 0 ∈ U(µ; t). Let x, y, z ∈ X be such that (x * (y * x n )) * z ∈ U(µ; t) and z ∈ U(µ; t). Then µ((x * (y * x n )) * z) ≥ t and µ(z) ≥ t, which imply from (F5) that
It follows that (a * (b * a n )) * c ∈ U(µ; s 0 ), c ∈ U(µ; s 0 ), and a ∉ U(µ; s 0 ). This is a contradiction. Hence µ is an n-fold fuzzy implicative ideal of X.
Definition 3.7 (see [3]). A fuzzy set µ in X is called an n-fold fuzzy positive implicative ideal of
X if (F1) µ(0) ≥ µ(x) for all x ∈ X, (F6) µ(x * y n ) ≥ min{µ((x * y n+1 ) * z), µ(z)} for all x, y, z ∈ X.
Lemma 3.8 (see [3, Theorem 3.13]). Let µ be a fuzzy set in X. Then µ is an n-fold fuzzy positive implicative ideal of X if and only if the nonempty level set U(µ; t) of µ is an n-fold positive implicative ideal of X for every t ∈ [0, 1].
Lemma 3.9 (see [1, Theorem 2.5]). Every n-fold implicative ideal is an n-fold positive implicative ideal.
Using Theorem 3.6 and Lemmas 3.8 and 3.9, we have the following theorem. 
n-fold fuzzy commutative ideals
We consider the fuzzification of n-fold (weak) commutative ideals as follows.
A fuzzy set µ in X is called an n-fold fuzzy weak commutative ideal
Note that the 1-fold fuzzy commutative ideal is a fuzzy commutative ideal. Putting y = 0 and y = x in (F7) and (F8), respectively, we know that every n-fold fuzzy commutative (or fuzzy weak commutative) ideal is a fuzzy ideal. It follows from (F1) and (F2) that
so from Theorem 3.5, µ is an n-fold fuzzy implicative ideal of X. 
